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RAYLEIGH’S “ THEORY OF SOUND” 

The Theory of Sound. By J. W. Strutt, Baron Rayleigh, 
F.R.S. Vol. I. (London : Macmillan and Co., 1877.) 
HE author, who already, by a series of interesting 
treatises belonging to different branches of mathe¬ 
matical physics, has acquired a respected name in the 
domain of science, undertakes to give a complete and 
coherent theory of the phenomena of sound in the work 
above mentioned, the first volume of which has recently 
been published ; and he does this with the application of 
all the resources furnished by mathematics, since without 
the latter a really complete insight into the causal con¬ 
nection of the phenomena of acoustics is altogether im¬ 
possible. We must confess that, even in spite of the 
most intense exertion of the powers of mathematical 
analysis, in the present state of its development several 
problems remain unsolved, for which, indeed, the condi¬ 
tional equations are known, but for which it has not yet 
been found possible to carry out the calculation. 

The author will merit in the highest degree the thanks 
of all who "study physics and mathematics if he con¬ 
tinues his work in the manner in which he has begun 
it in the first volume. The separate treatises in which 
the acoustic problems that have been solved hitherto are 
discussed, are for the most part dispersed in the publica¬ 
tions of academies or of scientific societies, which can be 
found only in larger libraries, and which frequently are not 
at all easily traced. But even if one has found a treatise of 
this kind and reads it, it happens often enough that 
the author refers in his quotations to other works quite as 
difficult of access, the knowledge of which is necessary for 
understanding his treatise. Thus the zeal of the student is 
paralysed by a number of purely external difficulties, and 
the ordinary result at which an intelligent student arrives 
after a few attempts in this direction, is that for problems 
in which he takes great interest he prefers starting anew 
to find the solution, rather than trying to hunt for it in 
libraries. Even if we must admit that the insight into the 
essence of a problem for which one has found the solution 
oneself is much deeper and clearer than when one has 
obtained the solution from some other author, yet an 
enormous amount of time is thus lost, and the survey of 
the whole extent of solvable problems remains incomplete. 
A survey of this kind, however, is necessary for all who 
wish to work at the progress of science themselves. 
For in order to obtain decisive results by new scien¬ 
tific investigations it is necessary above all things to be 
quite clear with regard to the question for which forms of 
experiment or of observation the theoretical deduction 
from principles can be carried through as purely as 
the experiment itself. I know by experience that a 
number of young physicists lose their time and their 
zeal by trying to solve problems which, taken by them¬ 
selves, are very interesting, but for which at present the 
deductions from the theoretical principles for the given 
case can only be drawn in coarse approximation, and 
where the experiments cannot be freed from important 
sources of error. 

While praising Lord Rayleigh’s book as a means of 
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overcoming the difficulties described, I do not at all wish 
to designate it as a mere compilation. On the contrary, 
it is a perfectly coherent deduction of the special facts 
from the most general principles, according to a uniform 
method and in a consequent manner. The mechanical 
principles of the doctrine of minute oscillations are con¬ 
tained in the present volume and are'developed in greater 
generality than in any other book known to me. For this 
purpose the author in the first chapter explains the 
general physical principles of sound, of its propagation, of 
pitch and its dependence on the rapidity of vibration, ot 
the musical scale, of the quality of sound and its depend¬ 
ence on the harmonic over-tones ; and in the second 
one the doctrine of the composition of harmonic motions 
of either equal, or nearly equal, or consonant numbers 
of vibrations, and further illustrates them by the descrip¬ 
tion of the physical phenomena and methods in which 
the principles developed are applied, and to which 
belong the doctrines of musical beats and of the physical 
methods to render the forms of vibrations visible. 

Then follows the development of the most general 
peculiarities of oscillating motions, first, in the third chap¬ 
ter, for mechanical systems to the motion of which only one 
degree of freedom is allowed, and then, in the fourth chap¬ 
ter, for systems with a finite number of degrees of freedom. 
There is a great multitude of peculiarities common to 
the most heterogeneous sounding bodies, which up to the 
present have mostly been found in certain instances only, 
but which can also be deduced from the most universal 
form of the motion-equations of systems of one or more 
degrees of freedom of motion. The author in the form of 
the equations and in the manner of denotation, closely 
follows the “ Natural Philosophy” of Thomson and Tait; 
in fact the whole manner of treatment of the mathematical 
problems corresponds so closely to that adopted in the 
work just mentioned, that Lord Rayleigh’s book may be 
looked upon as the acoustic part of the excellent hand¬ 
book of the two celebrated physicists named. 

With all systems of this kind if there are no exterior 
forces acting upon them, we find, on the whole, a number 
of proper tones equal to the number of degrees of free¬ 
dom, and the pitch of which does not depend on the 
amplitude of the vibrations as long as this one remains 
small enough. Exceptionally, however, several of these 
proper tones may be of equal pitch. If there is no 
friction or dissipation of energy the amplitude of every 
kind of oscillation remains constant. To each separate 
proper tone a certain form of motion of the whole sys¬ 
tem belongs ; so that the directions and magnitudes of 
the displacement of the separate points of the system are 
different in each case. Each arbitrary motion of the sys¬ 
tem produced in any arbitrary manner, may be regarded 
as a superposition of these forms of vibrations belonging 
to the various proper tones of the system. In order to 
find the amplitude and phase of these different vibrations 
for a given original displacement and of given velocities 
of its different parts, quite similar methods are adopted 
as those which are employed to develop a given 
periodical function into one of Fourier’s series; only 
the whole method here becomes far more intelligible 
and has a thoroughly certain foundation, because we 
have to do with a finite number of unknown factors 
instead of with the infinite number of continuously 
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succeeding values of a function, with finite sums in¬ 
stead of with integrals or with infinite series. Of 
course for Fourier’s series as well as for the developments 
of Laplace by means of spherical harmonic functions the 
proof for the correctness of their values can also be fur¬ 
nished in the case of continuous functions. For a large 
number of other functions which are given by differential 
equations of the second degree this proof results, under 
certain suppositions regarding the continuity of the func¬ 
tions and the limit conditions, from the theorems of Sturm 
and Liouville, which Lord Rayleigh explains when speak¬ 
ing of the vibrations of strings of unequal thickness. Yet 
in mathematical physics we are still compelled to employ 
a great number of series-developments of functions which 
do not belong to this class ; and even the vibrations of 
rods and plates are cases in point. In this respect the 
treatment of the problems mentioned with a finite but 
arbitrarily large number of degrees of freedom of motion 
is interesting also with regard to analysis. 

For vibrating systems of one degree of freedom, the 
oscillations of which are subjected to damping, the 
doctrine of the laws of resonance is developed in the 
third chapter. The author calls the vibrations which are 
continuously maintained by the influence of a periodical 
force acting externally, forced vibrations. In all cases 
their intensity is greatest when their period of vibration, 
which equals the period in which the force changes, is 
also equal to the period of the system vibrating freely 
and without friction. For the relations between the in¬ 
tensity and the phase of the co-vibration, between the 
breadth of the co-vibration in case of small alterations 
in the pitch and the degree of damping, which I had 
myself proved for certain instances and used for certain 
observations, the general proof is given here. The 
author has further employed these chapters to set up 
certain general maxims respecting the direction and 
magnitude of the corrections which must be made in 
cases where one cannot completely solve an acoustic 
problem, but can-only find the solution for a somewhat 
altered vibrating system. These are like the outlines of a 
“ theory of perturbations ” applied to acoustic problems. 
The author illustrates these maxims by many various 
examples. Thus, for instance, he replaces a string by 
an imponderable stretched thread which carries weights 
either in the middle only or at certain distances from 
each other'; or a tuning-fork by two imponderable springs 
with weights at the ends. 

For vibrations of very small amplitude, the forces 
which tend to lead the moving points back to their posi¬ 
tion of equilibrium may always be considered propor¬ 
tional to the magnitude of their distance from the position 
of equilibrium. As long as this law holds good, the 
motions belonging to different tones are superposed, with¬ 
out disturbing one another. But when the vibrations 
become more extensive, so that the law of proportion¬ 
ality just named no longer applies, then perturbations 
occur which become manifest by the appearance of new 
tones, the combination tones. In my book on acoustic 
sensations (“Die Lehre von den Tonempfindungen”) I 
have myself explained this manner of origin of the com¬ 
bination tones, only for the motion of but a single material 
point. In Lord Rayleigh’s book this explanation is given 
with reference to any compound vibrating system of one 


degree of freedom, and it is further amplified with regard 
to the manner in which the forces deviate with the dis¬ 
placements from the law of proportionality. 

Certain laws of reciprocity, of which I had given single 
instances in roy investigations on the vibration of the air in 
organ pipes, may be proved in a general way for all kinds of 
vibrating elastic systems. If on the one hand at point A 
an impulse is given, and the motion at point B is deter¬ 
mined after the time t has elapsed, and if on the other 
hand an impulse is given at point B in the direction of the 
motion, which occurred there, and, after the time t, the 
motion-component falling into the direction of the first 
impulse is examined at point A, then the two motions in 
question are equal if the impulses were equal. 

Chapters VI. to X. of Lord Rayleigh’s book treat of the 
vibrations of strings, rods, membranes, and plates. The 
vibrations of strings have played an important part in 
acoustics ; their laws are simple, and the physical condi 
tions which the theory demands are fulfilled with com¬ 
parative facility, different modes of producing the tones 
may be employed, and a number of various motions may 
thus be produced. It is just because the physical pheno¬ 
mena in connection with strings were well known, that 
the observation of the way in which the ear is affected by 
their various modes of vibration has materially facilitated 
the solution of the problems of physiological acoustics. 
The musical importance of strings rests on the circum¬ 
stance that the series of their proper tones corresponds 
to that of the harmonics, the vibration-numbers of which 
are entire multiples of those of the fundamental tone. 
For this reason, if the motions of many proper tones are 
superposed on one string, a periodical motion again 
results, and this is the cause why on strings we can pro¬ 
duce notes of the most varied quality. We need only 
remember how differently the same string sounds ac 
cording to whether it is plucked with the finger or with a 
metallic point, whether a violin bow is drawn across it or 
whether it is caused to vibrate by means of a tuning-fork 

In this chapter less new work remained to the author ; 
however, this example shows how much easier it is to 
understand all these separate problems if they are not 
treated separately but developed in coherent representa¬ 
tion, after the most general principles, the validity of 
which is independent of the special peculiarity of the 
case, have been first explained. 

The short chapter VII. gives the laws for the longi¬ 
tudinal and torsional vibrations of rods ; the laws are 
simple and resemble those of the open and stopped organ 
pipes. The lateral vibrations of rods, during which these 
bend, give more complicated analytical expressions ; their 
proper tones do not form a harmonic series, but are given 
by the roots of a transcendental equation. 1 he tones are 
different according to whether one or both ends of the rod 
are free to rotate and to move, or free to rotate, but hindered 
from moving (supported), or hindered from rotating and 
moving (damped). With this more complicated problem 
the advantage of first treating of the general principles 
becomes clearly apparent. The forms of the simplest 
vibrations are calculated and represented graphically. 
The mode of vibration of a stretched rod, for which 
Seebeck and Donkin have already given the solution, is 
also treated here in order to determine the influence of 
rigidity upon the vibrations of strings. 
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Then the vibrations of a uniformly-stretched membrane 
are investigated. This investigation is of more theoretical 
than physical importance, since it shows in a case which 
may be treated in an easier way, the peculiarities of vibra¬ 
tions which are capable of spreading in two dimensions. 
Unfortunately we have not yet succeeded up to the pre¬ 
sent in obtaining good membranes which would be fit for 
experiments of measuring in order to investigate, with 
some degree of exactness, how far theory corresponds 
with the experiment. 

On the contrary, in the case of elastic plates, the vibra¬ 
tions of which the author treats in the last chapter of the 
present volume, the experiments can be made with more 
accuracy, while the analytical difficulties are so great that, 
on the whole, only few cases permit of a solution of the 
problem. Indeed, even the formula: expressing the con¬ 
ditions which must be fulfilled at the edge of the plate 
have given rise to discussions. Poisson had thought that 
three conditional equations were necessary for the edge ; 
Kirchhoff has shown that in reality only two are required. 
Lately M. Mathieu opposed this view. Lord Rayleigh has 
adopted Kirchhoff’s views, and no doubt with perfect 
right. He gives the analysis of the latter of the vibra¬ 
tions of a circular plate, and has made an important 
addition of his own to the solvable cases, by teaching us 
how to deduce theoretically a series of vibration forms of 
square plates, at least for that case where they consist of 
an elastic substance the resistance of which to change of 
volume may be neglected ; and these theoretical deduc¬ 
tions sufficiently correspond with the forms observed. 
Also for elastic rings and for cylinders vibrating in the 
manner of bells, he has improved the theory in an 
essential point, by proving theoretically and experi¬ 
mentally, that the node lines of such plates execute 
vibrations in a tangential direction. These tangential 
vibrations are the ones which are first produced if the 
edge of a drinking-glass is rubbed with the wet finger. 

The above ’survey will give an idea of the numerous 
contents of the book. As in the treatment of the separate 
problems it touches everywhere the limits of our present 
knowledge, it cannot but demand sound mathematical 
knowledge on the part of the reader. Yet the author has 
rendered it possible, by the very convenient systematic 
arrangement of the whole, for the most difficult pro¬ 
blems of acoustics to be now studied with far greater 
ease than hitherto. He thus proves himself to be a 
philosopher who does not lose the liberty of intellectual 
supervision, even when he is occupied with the most 
abstruse calculations. H. Helmholtz 


HINDUISM, BUDDHISM, AND ISLAM 
1. Hinduism. By Monier Williams, D.C.L. 2. Buddhism . 

By T. W. Rhys Davids. 3. Islam and its Founder. 

By J. W. H. Stobart, B.A. (London: Society for 
Promoting Christian Knowledge, 1877.) 

T is a sign of the times that a “ Society for Promoting 
Christian Knowledge ” should undertake a series of 
works on t; non-Christian religious systems.” Nor is it a 
less striking characteristic of our day that it should 
entrust the work to scholars of so liberal a faith as Prof. 
Monier Williams and Mr. Rhys Davids. Dr. Monier 
Williams's volume on Hinduism forms a model of a 


popular exposition of a religious system. He explains 
with great clearness the historical catena of the sacred 
writings on which the Sanskrit religion was based. He 
delineates the various movements, from the Buddhistic 
reformation 2,500 years ago, down to the modern revivals 
among the Sivaite and Vishnuvite sects, which have 
developed the Vedic worship into that complex structure 
of ritual, dogma, and social institutions, which we call 
Hinduism. To the ordinary English reader, this little 
volume will reveal a different aspect of Hindu faith and 
morals from that which he has been accustomed to hear 
from the pulpit or missionary platform. He will find that 
the great questions of how a man should rule his life, and 
what prospect lies before him after he has done with this 
world, have formed the subjects of religious thought and 
practical experience, not less anxious nor less deep among 
the people of India than among the western races. The 
ethical replies which they have given to those questions 
differ mote in form than in spirit from the higher beliefs 
of Christendom. The hard and narrow judgments of the 
elder Mill and the zealous statements of missionaries, 
have too long possessed the popular mind. Prof. Williams 
does not appear as the advocate or admirer of Hinduism. 
In fact he tacks on to the end of his book a proselytising 
page or two, which, however in accord with the object of 
the Society for which he writes, form a strange contrast 
to the scholarly tone of his volume. 

Dr.Monier Williams’s tours in India have enabled him 
to deal with the modern phases of Hinduism from a prac¬ 
tical, as well as from the professorial point of view. Three 
features of Hinduism must be distinctly realised in order 
to understand its vitality and influence on the people. 
Hinduism represents, in the first place, a very ancient 
growth of worship and belief; and is invested with all 
the authority of age and unquestioned prescription. In 
the second place, it is a very modern religion, whose later 
developments have neither been reduced to, nor are 
restrained by, any systematic theology; which is, there¬ 
fore, plastic, sensitive to every change in the popular 
beliefs or modes of thought; and which, in each province 
of India, takes on a local colouring adapted to the neces¬ 
sities or customs of the local population. In the third 
place, Hinduism is not only a religious system, but an 
all-powerful social institution. It forms the outcome of 
religious and philosophical thought in India during several 
thousands of years; it also represents the (organised 
modes of life at which a great variety of tribes and races 
have slowly arrived. This threefold source of strength 
makes itself felt in every detail. To take one instance : 
Caste is enforced alike by the sanctions of ancient pre¬ 
scription, modern religion, and social utility. It articulates 
the population into communities, each bound together by 
ties of a useful, not less than of a doctrinal sort. Caste, 
with the feelings of kindred and family on which it rests, 
forms the substitute for a Poor-Law in India ; it supplies 
a bond something like that which in America is felt by 
people who attend the same meeting-house or chapel | 
and it discharges many of the functions of the meditevai 
guilds of Europe, together with others which are effected 
less smoothly by modern Trades’ unions. It has its 
disadvantages—some of them very serious ones; but it 
curiously resembles, in several of its judicial, social, and 
charitable aspects, the ekklesia of the early Christians. 
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